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ON UNITS AND CLASS NUMBERS OF PURE
CUBIC FIELDS
NILS REICH
Abstract. This is a study of relations between pure cubic ﬁelds and their
normal closures. Explicit formula shows how the discriminant, regulator and
class number of the normal closure can be expressed in terms of the cubic ﬁeld.
In contrast to the highly developed theory of quadratic number ﬁelds, the
case for the next level, cubic ﬁelds, appears diﬀerent. Cubic ﬁelds (among
them, the easiest case, pure cubic ﬁelds) are already very important examples
for a perception which resists standard methods. A pure cubic ﬁeld k,
i.e., k = ( 3
√
n), is neither abelian nor Galois, in general.
The basis of this work is the paper [2] by Dedekind. We shall extend
Dedekind’s results by relating the invariants of a pure cubic ﬁeld k to those of
its normal closure L. In particular we show the main result
Theorem 1. The regulator RL of L is always either 3R2k or R
2
k.
This result enables us to prove the following.
Theorem 2. The class number hL of L is always either h2k or
1
3h
2
k.
We will also need the following fact. It is a well-known result of Hasse [3]
for arbitrary cubic ﬁelds in 1930.
Fact 1. The discriminant dL of L satisﬁes dL = −3d2k .
Theorem 2 follows quite easily from Theorem 1 using the analytic class number
formula and fundamental properties of Artin L-functions.
Since the discriminant of the normal closure L usually is much bigger than
that of the cubic ﬁeld, Theorem 2 is of particular interest, because it enables
us to ﬁnd the class number of L, although the standard algorithm (see [6]) for
ﬁnding the class number would be much slower in this case.
Throughout this paper k will denote a pure cubic number ﬁeld with
conjugate ﬁelds k′ and k′′. Their normal closure will be denoted by L. As
indicated above, we will write dk, Rk, hk for the discriminant, regulator and
class number of k.
§1. The units. In this section we will prove Theorem 1 and give a criterion
for the value of RL.
Since L admits 3 pairs of complex embeddings, Dirichlet’s unit theorem tells
us that a system of fundamental units of L consists of 2 elements. Furthermore,
each of the subﬁelds k, k′ and k′′ has only one fundamental unit. Clearly a
unit of k continues to be a unit in the bigger ﬁeld L.
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Let µ(L) be the group of roots of unity of L. In fact, µ(L) = µ6. Put
EL :=OXL/µ(L),
i.e. the group of units OXL of L, where two units are considered equal if their
ratio is a root of unity. Furthermore, let ε (resp. ε ′) denote a fundamental
unit of k (resp. k′) and deﬁne Uk to be the subgroup of EL generated by ε
and ε ′.
To ﬁnd out how the fundamental units of L relate to those of k (resp. k′)
we will determine the index I := [EL : Uk]. But ﬁrst we recall a general fact.
Fact 2. For any vector v ∈ 2 there exists a basis {b1, b2} of 2 such that
v = ab1, with a ∈ .
This clearly carries forward to
Lemma 1. Let ε be a fundamental unit of k. Then there exists a system
of fundamental units {η1,η2} of L such that, up to a root of unity,
ε = ηa1, for some a ∈ .
Using this result, we can give a bound for the index I = [EL : Uk].
Theorem 3. The index I = [EL : Uk] is always either 1 or 3.
Proof. Let ε be a fundamental unit of k. Let ε ′ and ε ′′ be conjugates of
ε . By Lemma 1 we can ﬁnd a system {η1,η2} of fundamental units in L, such
that (up to a root of unity)
ε = ηa1,
ε ′ = ηb1η
c
2,
where a, b, c ∈ , and one can easily verify that then
I = ac.
Since εε ′ε ′′ = ± 1, considering the relative norms of these fundamental units
we ﬁnd (up to a root of unity in k′),
NL|k′(ε ) = εε ′′ =
1
ε ′
= NL|k′(η1)a.
Hence, a = 1 and therefore ε ′ = ε bηc2.
By considering
NL|k(ε ′) = ε ′ε ′′ =
1
ε
= ε 2bNL|k(η2)c,
(up to a root of unity in k) we obtain c | (2b + 1). Similarly, we deduce from
NL|k′(ε ′) = ε ′
−b
NL|k′(η2)c
of use, available at https:/www.cambridge.org/core/terms. https://doi.org/10.1112/S002557930000036X
Downloaded from https:/www.cambridge.org/core. University of Basel Library, on 11 Jul 2017 at 09:14:03, subject to the Cambridge Core terms
August 2, 2006 Time: 04:37pm Reich.tex
on units and class numbers of pure cubic fields 89
that c | (2 + b). Hence c divides 2(2 + b) − (2b + 1) = 3, which yields
I = 1 or I = 3. 
We immediately deduce
Proposition 1. The index I = 1 if and only if the fraction ε ′/ε is not a
cube in L (up to a root of unity).
Proof. Using the above notation, we know that, if I = 1, then (up to a
root of unity)
ε ′
ε
= ηb−11 η2,
which is not a cube in L.
On the other hand, if I = 3, then (up to a root of unity)
ε ′
ε
= ηb−11 η
3
2 .
But, since (2b + 1) = (b − 1) + (2 + b) and, as we have seen in the previous proof,
3 | (2b + 1) as well as 3 | (2 + b), we can conclude that b − 1 ≡ 0 (mod 3), from
which the result follows. 
Remark. Since L contains a cube root of unity, to determine whether ε/ε ′
is a cube in L one needs to examine the cubic Hilbert symbols (ε/ε ′, −)3,p for
primes p of L above 3, because ε/ε ′ is a unit.
In order to describe the relation between the regulators we ﬁrst describe
the relation of the index I = [EL : Uk] to the regulators of L and k.
Recall that Uk denotes the subgroup of EL generated by the fundamental
units ε and ε ′. We will denote the regulator of UkEL by R(ε , ε ′).
Note that
R(ε , ε ′)
RL
= [EL : Uk] = I, (1)
by deﬁnition. Furthermore, one can show by properties of determinants that
R(ε , ε ′) = 3R2k. (2)
Thus, combining equations (1) and (2) we obtain that the regulators of k
and L relate in the following way:
 if I = 1, then RL = 3R2k;
 if I = 3, then RL = R2k.
Hence, we obtain Theorem 1.
§2. The class numbers. In this section we will use Theorem 1 to prove the
following proposition which is a detailed version of Theorem 2.
of use, available at https:/www.cambridge.org/core/terms. https://doi.org/10.1112/S002557930000036X
Downloaded from https:/www.cambridge.org/core. University of Basel Library, on 11 Jul 2017 at 09:14:03, subject to the Cambridge Core terms
August 2, 2006 Time: 04:37pm Reich.tex
90 nils reich
Proposition 2. The class numbers of k and L are related in the following
way:
 if I = 1, then
hL =
1
3
h2k;
 if I = 3, then
hL = h
2
k.
Before we start the proof we recall the following facts (see also [5] and [7]).
 Except for the three pure cubic ﬁelds k, k′ and k′′, the only proper subﬁeld
of L other than  is the quadratic ﬁeld (ω ), where ω represents a cubic
root of unity.
 The Dedekind zeta-function corresponding to (ω ) is
ζ(ω )(s) = ζ (s)L(L|, ρ, s),
where L denotes the Artin L-function of the alternating representation ρ of
the Galois group Gal(L|k) ∼= S3. Here, S3 means the symmetric group of
order 6 and ζ denotes the Riemann zeta-function.
 The zeta-function corresponding to k is
ζk(s) = ζ (s)L(L|, γ , s),
where γ denotes the standard (i.e., 2-dimensional) representation of S3.
To see the second and third point one can use the fact that the Dedekind zeta-
function factorizes into a product of Artin L-functions (compare [6]) and then
work these out explicitly.
 The analytic class number formula (see [1]) for an algebraic number ﬁeld F
is given by
lim
s→1
(s − 1)ζF (s) =
2r1+r2π r2RF
m
√|dF |
hF , (3)
where m = |µ(F )| is the number of roots of unity in F and r1 (resp. r2)
denotes the number of real (resp. complex) embeddings of F into .
Given these facts, we can now prove Proposition 2.
Proof. Using the factorization of zeta-functions into Artin L-functions,
we obtain for the residue of ζL at s = 1
lim
s→1
(s − 1)ζL(s) = lim
s→1
(s − 1)ζ (s)L(L|, ρ, s)L(L|, γ , s)2
= lim
s→1
(s − 1)ζ(ω )(s) · 1(s − 1)2ζ (s)2 · (s − 1)
2ζk(s)2.
Using the analytic class number formula it is easy to see that lims→1(s − 1)
ζ(ω )(s) = π/3
√
3 and, again by the class number formula, we can relate the
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invariants of L to those of k in the following way:
(2π )3RL
6
√|dL|
· hL = π
3
√
3
(
22πRk
2
√|dk|
· hk
)2
. (4)
Hence, Proposition 2 follows immediately from inserting the results of Fact 1
and Theorem 1 into equation (4). 
Since the class number is a positive integer, the following holds.
Corollary 1. If hk is not divisible by 3, then I = 3 and hence hL = h2k.
In particular, if hk = 1 then hL = 1.
Note that for certain pure cubic ﬁelds a criterion for hk being divisible exactly
by 3 has been given in [4].
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